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Overview

• Introduction and Motivation

• Least Squares Support Vector Machines (LS-SVM) as core models

• LS-SVM and Deep Learning:

→ From Restricted Kernel Machines (RKM) to Deep Kernel Machines

→ Kernel SVD, Self-Attention and Transformers

• Future challenges

• Conclusions
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Introduction
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Neural networks as universal approximators

One hidden layer is sufficient for universal approximation:

ALVINN (Autonomous Land Vehicle In a Neural Network)

[Pomerleau, Neural Computation 1991]
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Deep feature learning

(27 million connections)

from: [selfdrivingcars.mit.edu (Lex Fridman et al.), 2017]
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Generative models

[figure Ye 2022]
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Transformers
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Data-driven world
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Challenges

• general methodology

• unifying frameworks

• mathematical foundations

• scalability

• robustness

• interpretability
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New Synergies

PSfrag replacements

Deep

Learning

Neural

Networks

SVM, LS-SVM &

Kernel methods
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Towards a unifying picture

Model

Dual representation

Primal representation

Duality principle

other

Legendre−Fenchel duality

Lagrange duality

Conjugate feature duality 

Kernel−based

other

Parametric

linear, polynomial

finite or infinite dictionary

positive definite kernel

tensor kernel

indefinite kernel

symmetric or non−symmetric kernel

(deep) neural network

[Suykens 2017]
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LS-SVM as core models
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SVM and LS-SVM classifier

• SVM Primal problem: [Vapnik, 1995; Cortes & Vapnik, 1995]

min
w,b,ξ

1
2
wTw + c

N
∑

i=1
ξi s.t.

{

yi[w
Tϕ(xi) + b] ≥ 1− ξi

ξi ≥ 0, i = 1, ..., N

Dual problem: convex QP problem

• LS-SVM Primal problem: [Suykens & Vandewalle, 1999]

min
w,b,e

1
2
wTw +
1

2
γ

N
∑

i=1
e2i s.t. yi[w
Tϕ(xi) + b] = 1− ei

Dual problem: linear system of equations
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Feature map and kernel

Primal and dual representation:
(P ) : ˆy = wTϕ(x) + b

ր

Model
ց

(D) : ˆy =
∑

i αiK(xi, x) + b

Mercer theorem (one can either choose ϕ or positive definite K):

K(x, z) = ϕ(x)Tϕ(z)

Feature map ϕ, Kernel function K(x, z) (e.g. linear, polynomial, RBF, ...)

• SVMs: feature map and positive definite kernel [Cortes & Vapnik, 1995]

• Neural networks: hidden layer as feature map [Suykens & Vandewalle, IEEE-TNN 1999]

• Least squares support vector machines [Suykens et al., 2002]: L2 loss and regularization
11



Least Squares Support Vector Machines: “core models”

• Regression
min

w,b,e
wTw + γ
∑

i

e2i s.t. yi = wTϕ(xi) + b+ ei, ∀i

• Classification

min
w,b,e
wTw + γ
∑

i

e2i s.t. yi(w
Tϕ(xi) + b) = 1− ei, ∀i

• Kernel pca (V = I), Kernel spectral clustering (V = D−1)

min
w,b,e
−wTw + γ
∑

i

vie
2

i s.t. ei = wTϕ(xi) + b, ∀i

• Kernel canonical correlation analysis/partial least squares

min

w,v,b,d,e,r
wTw + vTv + ν
∑

i
(ei − ri)
2 s.t.
{

ei = wTϕ(1)(xi) + b

ri = vTϕ(2)(yi) + d

[Suykens & Vandewalle, NPL 1999; Suykens et al., 2002; Alzate & Suykens, 2010]
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SVMs and neural networks
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ˆy = sign[wTϕ(x) + b]
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∑#sv
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Kernels

Wide range of positive definite kernel functions possible:

- linear K(x, z) = xTz

- polynomial K(x, z) = (η + xTz)d

- radial basis function K(x, z) = exp(−‖x− z‖22/σ2)

- splines, wavelets

- string kernel, Fisher kernel

- graph kernels, kernels from graphical models

- kernels for dynamical systems

- data fusion kernels

- other

[Sch¨olkopf & Smola, 2002; Shawe-Taylor & Cristianini, 2004; Jebara et al., 2004; other]

Function estimation in RKHS, RKKS, RKBS; Gaussian processes

[Wahba 1990; Steinwart & Christmann 2008; Cucker & Zhou 2007; Rasmussen & Williams 2006]
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From LS-SVM framework to RKM representations,

and beyond
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Restricted Boltzmann Machines (RBM)

• Markov random field, bipartite graph, stochastic binary units

Layer of visible units v and layer of hidden units h

No hidden-to-hidden connections

• Energy:
E(v, h; θ) = −vTWh− cTv − aTh with θ = {W, c, a}

Joint distribution:
P (v, h; θ) =

1
Z(θ)
exp(−E(v, h; θ))

with partition function Z(θ) =
∑

v
∑

h exp(−E(v, h; θ))

[Hinton, Osindero, Teh, Neural Computation 2006]
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Restricted Boltzmann Machines (RBM)
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exp(−E(v, h; θ))
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RBM and deep learning

RBM

p(v, h) p(v, h1, h2, h3, ...)

[Hinton et al., 2006; Salakhutdinov, 2015]
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in other words ...

”sandwich”

E = −vTWh

”deep sandwich”

E = −vTW 1h1 − h1
T
W 2h2 − h2
T
W 3h3

17



Connecting LSSVM/KPCA & RBM

PSfrag replacements

LS-SVM

Kernel PCA

RBM
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?
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generative models

deep RKM

generative RKM
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Kernel principal component analysis (KPCA)
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kernel PCA (RBF kernel)

Kernel PCA [Sch¨olkopf et al., 1998]:

take eigenvalue decomposition of the kernel matrix




K(x1, x1) ... K(x1, xN)

... ...

K(xN , x1) ... K(xN , xN)




(applications in dimensionality reduction and denoising)
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Kernel PCA: classical LS-SVM approach

• Primal problem: [Suykens et al., 2002]: model-based approach

min
w,b,e

1
2
wTw − 1

2
γ

N
∑

i=1
e2i s.t. ei = wTϕ(xi) + b, i = 1, ..., N.

• Dual problem (Lagrange duality) corresponds to kernel PCA

Ω(c)α = λα with λ = 1/γ

with Ω
(c)

ij = (ϕ(xi)− ˆµϕ)
T (ϕ(xj)− ˆµϕ) the centered kernel matrix

and ˆµϕ = (1/N)
∑N

i=1ϕ(xi).

• Interpretation:

1. pool of candidate components (objective function equals zero)

2. select relevant components
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From KPCA to RKM representation (1)

Model:

e =WTϕ(x)

objective J

= regularization term Tr(WTW )

- (1λ) variance term
∑

i e
T

i ei

↓ use property eTh ≤ 1
2λe
Te+ λ

2h
Th

RKM representation:

e =
∑

j hjK(xj, x)

obtain J ≤ J(hi,W )

solution from stationary points of J :

∂J
∂hi
= 0, ∂J
∂W = 0

21



From KPCA to RKM representation (2)

• Objective [Suykens, Neural Computation 2017]

J =

η
2
Tr(WTW )− 1

2λ
N
∑

i=1
eTi ei s.t. ei =WTϕ(xi),∀i

≤ −
N
∑

i=1
eTi hi +
λ

2
N
∑

i=1
hTi hi +
η

2
Tr(WTW ) s.t. ei =WTϕ(xi),∀i

= −
N
∑

i=1
ϕ(xi)
TWhi +
λ

2
N
∑

i=1
hTi hi +
η

2
Tr(WTW ) , J

• Stationary points of J(hi,W ):












∂J
∂hi
= 0 ⇒ WTϕ(xi) = λhi, ∀i

∂J
∂W

= 0 ⇒ W =
1

η
∑

i

ϕ(xi)h
T

i

22



From KPCA to RKM representation (3)

• Elimination of W gives the eigenvalue decomposition:

1
η
KHT = HTΛ

where H = [h1...hN ] ∈ R s×N and Λ = diag{λ1, ..., λs} with s ≤ N

• Primal and dual model representations

(P )RKM : ˆe =WTϕ(x)

ր
M

ց
(D)RKM : ˆe =
1

η
∑

j

hjK(xj, x).

23



Deep KPCA based on RKM representations

[Tonin, Tao, Patrinos & Suykens, Neural Networks 2024]
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Towards ”white box”: deep eigenvalues/eigenvectors (1)

[Tonin, Tao, Patrinos & Suykens, Neural Networks 2024]
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Towards ”white box”: deep eigenvalues/eigenvectors (2)

[Tonin, Tao, Patrinos & Suykens, Neural Networks 2024]
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Multi-view Generative RKM (Gen-RKM)

Train:

Generate:
[Pandey, Schreurs & Suykens, Neural Networks, 2021]
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Analogy with the human brain

eyes earsnose

shared feature representation

multimodal data
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Multi-view Gen-RKM

The objective

Jtrain(hi,U ,V ) = −
N
∑

i=1
φ1(xi)
TUhi −
N
∑

i=1
φ2(yi)
TV hi

+
λ

2
N
∑

i=1
hTi hi +
η1

2
Tr(UTU) +
η2

2
Tr(V TV )

results for training into the eigenvalue problem

(
1

η1
K1 +

1
η2
K2)H
T =HTΛ

with H = [h1...hN ] and kernel matrices K1,K2 related to φ1, φ2.

[Pandey, Schreurs & Suykens, Neural Networks, 2021

29



Multi-view Gen-RKM

Fx Fy

H

X Y

U⊤ U V V ⊤

φ1(·) ψ1(·) ψ2(·) φ2(·)

Gen-RKM schematic representation modeling a common subspace H between two data

sources X and Y. The φ1, φ2 are the feature maps (Fx and Fy represent the feature-

spaces) corresponding to the two data sources. While ψ1, ψ2 represent the pre-image

maps. The interconnection matrices U, V model dependencies between latent variables

and the mapped data sources.

[Pandey, Schreurs & Suykens, Neural Networks, 2021
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Gen-RKM: using an explicit (CNN) feature map

Parametrized feature maps: φθ(·), ψζ(·) (e.g. CNN and transposed CNN).

Overall objective function, using a stabilization mechanism [Suykens, 2017]:

min

θ1,θ2,ζ1,ζ2
Jc = Jtrain + cstab
2 J 2
train

+cacc

2N

(

∑N
i=1

[

L1(x
⋆

i , ψ1ζ1(φ1θ1(x
⋆

i ))) + L2(y
⋆

i , ψ2ζ2(φ2θ2(y
⋆

i )))
])

with reconstruction errors

L1(x
⋆

i , ψ1ζ1(φ1θ1(x
⋆

i ))) =

1
N‖x⋆i − ψ1ζ1(φ1θ1(x
⋆

i ))‖22,

L2(y
⋆

i , ψ2ζ2(φ2θ2(y
⋆

i ))) =

1
N‖y⋆i − ψ2ζ2(φ2θ2(y
⋆

i ))‖22

and with Φx = [φ1(x1), . . . , φ1(xN)],Φy = [φ2(y1), . . . , φ2(yN)], U, V

from

[

1
η1
ΦxΦ
⊤

x

1
η1
ΦxΦ
⊤

y

1
η2
ΦyΦ
⊤

x

1
η2
ΦyΦ
⊤

y

]

[

U
V

]

=
[

U
V

]

Λ.
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Gen-RKM: latent space exploration

CelebA reconstructed images by bilinear-interpolation in latent space

[Pandey, Schreurs & Suykens, Neural Networks 2021]
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Gen-RKM - traversals along principal components

orig

img

recon

img

elevation

azimuth

type

Disentangled Representation Learning and Generation with Manifold Optimization

[Pandey, Fanuel, Schreurs & Suykens, Neural Computation, 2022]

Software: see https://www.esat.kuleuven.be/stadius/E/software.php
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Robust Gen-RKM - Robust generation

VAE Gen-RKM Robust Gen-RKM

Weighted conjugate feature duality: 1
2λe
TDe+ λ

2h
TD−1h ≥ eTh

[Pandey, Schreurs & Suykens, LOD 2020]
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Tensor-based RKM for Multi-view KPCA

min 〈W,W〉−
N
∑

i=1
〈

Φ(i),W
〉

hi+λ
N
∑

i=1
h2i with Φ(i) = ϕ[1](x
[1]

i )⊗...⊗ϕ[V ](x
[V ]

i )

✞
✒☛�

✁

✂
✒☛�
✄✞
✒☛�
☎

✞
✒✆�

✁

✂
✒✆�
✄✞
✒✆�
☎

✝
✝
✝

✟

✠
✡☞✌

✍
✁

✎
✡☞✌

✠
✒✆�

✍
✁

✏
✒✆�

✞
✒☛�

✁

✂
✒☛�
✄✞
✒☛�
☎

✞
✒✆�

✁

✂
✒✆�
✄✞
✒✆�
☎

✝
✝
✝

✟ ✠

✡
✁

☞

[Houthuys & Suykens, ICANN 2018]
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Recurrent RKM

• Objective for Recurrent RKM [Pandey et al., 2022]:

J = −
∑

t

ϕ(xt)
TWht −
∑

t

∑

l

hTt−lht +
1

2
hTt Λht +
1

2
TrWTW

• Results into a sequence {ht} in the latent space from which the future

of the time-series is predicted.

• {ht} follows from the solution to an eigenvalue problem.

• Related work on recurrent temporal RBM [Sutskever et al., 2008;

Osogami, 2019]

[Pandey, De Meulemeester, De Plaen, De Moor, Suykens, ESANN 2022]
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Self-attention and transformers within the LS-SVM

framework
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Transformers

[Vaswani et al., 2017; figure Murphy 2022]
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SVD within the LS-SVM setting

• Primal problem (new variational principle):

min

w,v,e,r
− wTv + 1
2γ
∑N

i=1 e
2

i +
1

2γ
∑M

j=1 r
2

j subject to ei = wTϕ(xi), i = 1, ..., N

rj = vTψ(zj), j = 1, ...,M

with ei, rj ∈ R and w, v ∈ RN , and ϕ, ψ compatible feature maps

• Lagrangian L = J −∑i αi
(

ei − wTϕ(xi)
)−∑j βj
(

rj − vTψ(zj)
)

• Optimality conditions ∂L
∂w = 0, ∂L∂v = 0, ∂L∂ei = 0, ∂L∂rj = 0, ∂L∂αi = 0, ∂L∂βj = 0

• Eliminate w, v, e, r; collect solutions corresponding to non-zero λ = 1
γ :

[

0 K

KT 0
] [

α
β

]

= λ
[

α
β

]

with kernel matrix Kij = ϕ(xi)
Tψ(zj).

[Suykens, ACHA 2016]
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Primal and dual model representations

Primal and dual model representations

(P ) : ei = wTϕ(xi)

ր rj = vTψ(zj)

M
ց

(D) : ei =
∑

j βjψ(zj)
Tϕ(xi) =
∑

j βjK(zj, xi)

rj =
∑

iαiϕ(xi)
Tψ(zj) =
∑

iαiK(xi, zj)

[Suykens, ACHA 2016]
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Kernel PCA versus Kernel SVD

• Kernel PCA: one data source {xi}, i = 1, ..., N :

K(xi, xj) = ϕ(xi)
Tϕ(xj)

with kernel K symmetric and positive definite, related to feature map φ.

• Kernel SVD: two data sources {xi}, i = 1, ..., N and {zj}, j = 1, ...,M :

K(xi, zj) = ϕ(xi)
Tψ(zj)

with kernel K asymmetric, related to compatible feature maps φ,ψ.
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Self-attention with Asymmetric Kernel

Let {xi ∈ R d}Ni=1 be the input data sequence.

In self-attention [Vaswani et al., 2017] queries, keys and values are

q(xi) =Wqxi, k(xi) =Wkxi, v(xi) =Wvxi,

where Wq ∈ R dq×d,Wk ∈ R dk×d,Wv ∈ R dv×d (commonly dq = dk).

Attention scores: a(xi, xj) = 〈q(xi), k(xj)〉/
√

dk = 〈Wqxi,Wkxj〉/
√

dk.

Canonical self-attention:

κ(xi, xj) = softmax(〈q(xi), k(xj)〉)/
√

dk, i, j = 1, ..., N

which is an asymmetric kernel function, i.e. κ(xi, xj) 6= κ(xj, xi).

The attention output oi ∈ R dv in each head is

oi =

N
∑

j=1
v(xj)κ(xi, xj) =

N
∑

j=1
v(xj)Kij, i = 1, ..., N.

41



Primal-dual representations for self-attention

• Self-attention primal problem [Chen, Tao, Tonin, Suykens, NeurIPS 2023]

max

We,Wr,ei,rj

J =
1

2
N
∑

i=1
eTi Λei +
1

2
N
∑

j=1
rTj Λrj − Tr(WT
e Wr)

s.t. ei = (f(X)TWe)
Tφq(xi), i = 1, ..., N,

rj = (f(X)TWr)
Tφk(xj), j = 1, ..., N

where φq, φk are feature maps related to queries and keys, respectively,

Λ diagonal matrix with positive diagonal elements. The dual problem

gives a shifted eigenvalue problem, related to Kernel SVD.

• In primal-attention, the attention outputs are

oi = [ei; ri] = [WT
e f(X)gq(q(xi));W
T

r f(X)gk(k(xi))]

where Kij = 〈gq(q(xi)), gk(k(xj)〉 = 〈φq(xi), φk(xj)〉.
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Training of Transformers

Training of Transformers based on primal-attention [Chen et al., 2023]:

minL+ η
∑

l

J2l

with η > 0, L a task-oriented loss (e.g. cross-entropy for classification

tasks) and Jl are the primal objectives of the several attention blocks with

the primal-attention scheme. Here each Jl is of the form

J =
1

2
N
∑

i=1
eTi Λei +
1

2
N
∑

j=1
rTj Λrj − Tr(WT
e Wr).

It exploits the property that for all components evaluated in the primal

objective J one has J = 0 (hence the term J2l in the objective for training

the Transformer). In this way low-rank representations can be obtained,

together with efficient training in the primal.
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Kernel SVD extension to multiple data sources

• Primal problem:

max

wq,e
(q)

iq

J = (
Q

2
− 1)

Q
∑

q=1
wT
q wq−
∑

1≤p<q≤Q
wT
q wp+
Q− 1

2

γ
Q
∑

q=1

Nq

∑

iq=1
(e
(q)

iq
)2

subject to e
(q)

iq

= wT
q φq(x
(q)

iq
), ∀iq, ∀q

• Dual:






0 K12 ... K1Q

K21 0 ...

... . . . K(Q−1)Q

KQ1 ... KQ(Q−1) 0









α(1)
...

α(Q)


 =
1

γ




α(1)
...

α(Q)




[Zeng, Tao, Suykens, arXiv: 2610.03216, 2026]
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Future Challenges and Conclusions

• LS-SVM as core models in supervised and unsupervised learning, and

beyond

• primal and dual model representations, parametrized feature maps

or kernel-based

• combining powerful deep learning models with kernel-based setting

• LS-SVM framework: new connections with Transformers, RBMs,

Deep BM, VAE

• new schemes for generative models and deep kernel machines

• multi-view and tensor-based models

• robustness, disentanglement, latent space exploration
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